Introduction
For a field K letK s denote the separable closure of K, and G K = Gal(K s /K) the absolute Galois group of K. One of the main open questions in modern Galois theory is to describe absolute Galois groups of fields among profinite groups. The description of the maximal pro-p Galois group G K (p) -i.e., the Galois group of the maximal p-extension K(p)/K -among pro-p groups, for a given prime number p, is already a challenging task. One of the oldest known obstructions for the realization of a pro-p group as G K (p) for some field K comes from the Artin-Schreier theorem (whose pro-p version is due to E. Becker, cf. [Bec74] ): the only finite group which occurs as absolute Galois group (and maximal pro-p Galois group) of a field is the cyclic group of order two.
The proof of the celebrated Bloch-Kato conjecture, by M. Rost and V. Voevodsky (cf. [Ros02, Voe11, Wei08] ), provided a description of the Galois cohomology of absolute Galois groups of fields in terms of low degree cohomology. This led to the achievement of new obstructions for the realization of pro-p groups as maximal pro-p Galois groups (see, e.g., [EM11, CEM12, Qua14, QW18] ). For instance, one may recover the Artin-Schreier obstruction as consequence of the Bloch-Kato conjecture.
More recently, a formal version of Hilbert 90 for pro-p groups was employed to find further results on the structure of maximal pro-p Galois groups (cf. [EQ19, MRT18] ). Namely, a pro-p group G endowed with a continuous module pers [EQ19] and [QW18] respectively. Also, warm thanks are due to G. Chinello and F. Matucci for their helpful comments. This paper originates also from the discussions (in particular with M. Florence) during the workshop "Nilpotent Fundamental Groups" which took place at the Banff International Research Station (Canada) in June 2017, (see [MPTW17, § 3.1.6, 3.2.6]), so the author is grateful also to the organizers of the workshop.
Kummerian pro-p pairs
For a prime number p let Z × p denote the group of units of the ring of p-adic integers Z p . Following [Efr98] , a pair G = (G, θ) consisting of a pro-p group G endowed with a continuous homomorphism θ : G → Z × p is called a cyclotomic pro-p pair. The homomorphism θ is called an orientation of G (cf. [QW18] ).
A cyclotomic pro-p pair G = (G, θ) is said to be torsion-free if the image of θ is torsion-free. Since the pro-p Sylow subgroup of Z × p is the group of 1-units 1 + pZ p , which is isomorphic to Z p for p odd, the torsion-freeness assumption implies that either p = 2, or p = 2 and Im(θ) ⊆ 1 + 4Z 2 . Moreover, G is said to be finitely generated if G is a finitely generated pro-p group (in the topological sense).
In the category of cyclotomic pro-p pairs one has the following basic constructions. Let G = (G, θ) be a cyclotomic pro-p pair.
(a) If N is a closed normal subgroup of G contained in Ker(θ), the cyclotomic pro-p pair G/N is the pair (G/N,θ), whereθ : G/N → Z × p is the orientation induced by θ. (b) If H is a closed subgroup of G, the cyclotomic pro-p pair Res H (G) is the pair (H, θ| H ). (c) If A is an abelian pro-p group (written multiplicatively), the cyclotomic pro-p pair A⋊G is the pair (A⋊G,θ), with action given by gag −1 = a θ(g) for every g ∈ G, a ∈ A, andθ : A ⋊ G → Z × p is the composition of the projection A ⋊ G → G with θ.
(d) A morphism of cyclotomic pro-p pairs G 1 → G 2 , with G i = (G i , θ i ) for i = 1, 2, is a homomorphism of pro-p groups φ : G 1 → G 2 such that θ 1 = θ 2 • φ.
A cyclotomic pro-p pair G = (G, θ) has a distinguished pro-p (left) G-module Z p (1), which is equal to the additive group Z p and with G-action given by
If G is torision-free, then the G-module Z p (1)/p is simply the trivial module Z/p. In the setting of algebraic number theory, the module Z p (1) is called the 1st Tate twist of Z p (cf. [NSW08, Def. 7.3.6]).
The following definitions are from [EQ19] and [DCF17, § 14] respectively.
Definition 2.1. Let G = (G, θ) be a cyclotomic pro-p pair.
(i) The pair G is said to be Kummerian if for every n ≥ 1 the map (2.1)
induced by the epimorphism of G-modules
Similarly, a pro-p group G is said to be Kummerian, respectively 1-smooth, if there exists an orientation θ : G → Z × p such that G = (G, θ) is Kummerian, respectively 1-smooth.
Remark 2.2. Let G = (G, θ) be a cyclotomic pro-p pair.
(a) If θ is trivial then Z p (1) = Z p , and for n ≥ 1 H 1 (G, Z p (1)/p n ) coincides with the group Hom(G, Z/p n ) of continuous homomorphisms from G to
(c) Let G ′ denote the closed commutator subgroup of G, and let G p denote the closed subgroup of G generated by p-powers.
Then one has an isomorphism of discrete pelementary abelian groups Proof. Let H ⊆ G be a closed subgroup. Then for every n ≥ 1 one has
where U ranges among all open subgroup of G containing H, and the mappings are given by restrictions (cf. [Ser02, § I.2.2, Prop. 8]). Since the morphism (2.1) is surjective for every such U , then it is surjective also for H.
The following fact, which is a consequence of [NSW08, Cor. 2.7.6], shows that the condition of 1-smoothness for a cyclotomic pro-p pair G = (G, θ) amounts to say that θ is a 2-cyclotomic orientation as defined in [QW18] .
Lemma 2.4. Let G = (G, θ) be a cyclotomic pro-p pair. Then the morphism 
2) is surjective if, and only if, the morphisms (2.1) are surjective for all n ≥ 1.
The long exact sequence in cohomology induced by the epimorphism of G- (a) A cyclotomic pro-p pair G = (G, θ) with G a free pro-p group is 1-smooth for any orientation θ : 
The subgroups K(G) and Z(G)
For a cyclotomic pro-p pair G = (G, θ), let K(G) be the subgroup 
Conversely, the θ-center Z(G) of G is the subgroup Proposition 3.2. Let G = (G, θ) be a finitely generated torsion-free cyclotomic pro-p pair. The following are equivalent.
In particular, if θ is trivial then G is θ-abelian if, and only if, G is abelian torsion-free.
If G is θ-abelian, then also Res H (G) is θ| H -abelian, for every closed subgroup H ⊆ G (cf. [QW18, Rem. 6 .3]). Thus, Proposition 3.2 implies that a θ-abelian pro-p pair G is 1-smooth.
On the other hand, the next result -which is "dual" to Proposition 3.2 -follows from [EQ19, Thm. 5.6 and Thm. 7.1].
Proposition 3.3. Let G = (G, θ) be a finitely generated torsion-free cyclotomic pro-p pair. The following conditions are equivalent.
In particular, if θ is trivial then G is Kummerian if, and only if, the abelianization G/G ′ is torsion-free.
Remark 3.4. The original definition of Kummerian pro-p pair differs from Definition 2.1, as in [EQ19, Def. 3.4] a cyclotomic pro-p pair G is said to be Kummerian if Ker(θ)/K(G) is torision-free. By Proposition 3.3, these two definitions are equivalent if G is finitely generated. We shall see that they are equivalent also in the general case, as shown by Theorem 6.10.
The Galois case
For a field K, letK s denote the separable closure of K. Moreover, for n ≥ 1 let µ p n denote the group of roots ζ of 1 lying inK s such that ζ p n = 1, and set
of K, and the action of the maximal pro-p Galois group G K (p) on µ p ∞ induces the pro-p cyclotomic character
The cyclotomic pro-p pair of the field K is the pair
, which is torsion-free if, and only if, p = 2 or p = 2 and
, and we may define the cyclotomic pro-p pair
The following Theorem shows why Kummerian and 1-smooth pro-p pairs are so interesting (cf. [EQ19, Thm. 4.2] and [DCF17, Prop. 14.19]).
Theorem 4.1. Let K be a field containing a root of unity of order p, and let
, with a ∈ K, n ≥ 1.) Theorem 4.1 is a consequence of Hilbert 90: for K and L as above, set G = Gal(L/K); then from the short exact sequences of G-modules
with n ≥ 1, one obtains the commutative diagram 
In some cases the converse of Theorem 4.1 holds: namely, for a torsion-free 1-smooth pro-p pair G, there exists a field K such that G = G K .
Example 4.4. Let K be a field containing a root on unity of order p, and containing A non-negatively graded algebra A • = n≥0 A n over a field F, with A 0 = F, is called a quadratic algebra if it is 1-generated -i.e., every element is a combination of products of elements of degree 1 -, and its relations are generated by homogeneous relations of degree 2 (cf. [PP05] ). The following definitions come from [DCF17, Def. 14.21] and [Qua14, § 1] respectively. Definition 4.6. Let G be a pro-p group, and let n ≥ 1. Cohomology classes in the image of the natural cup-product
are called symbols (relative to Z/p).
, for every n ≥ 1, can be written as
, for some open subgroups V i ⊆ U , then G is called a weakly Bloch-Kato pro-p group.
(ii) If for every open subgroup U ⊆ G every element of H n (U, Z/p), for every n ≥ 1, is a symbol, and moreover the Z/p-cohomology algebra
endowed with the cup-product, is a quadratic algebra over Z/p, then G is called a Bloch-Kato pro-p group.
Examples 4.7.
(a) By the Rost-Voevodsky Theorem, if K contains a root of unity of order p (and also 
where the right-side is the exterior Z/p-algebra generated by
. (e) Let G be the pro-p group with minimal presentation
The above examples and Question 4.5 raise the following question. In the case of G = G K for some field K containing a root of unity of order p, one may show using Milnor K-theory that the weak Bloch-Kato condition implies that H • (G, Z/p) is 1-generated (cf. [DCF17, Rem. 14.26]). In view of Theorem 4.1, a positive answer to the Smoothness Conjecture would provide a new proof of the "1-generation half" (which is acknowledged to be the hard part) of the Bloch-Kato conjecture (cf. [DCF17, § 1.1]).
Analytic pro-p groups
Our main reference for uniform and analytic pro-p groups are chapters 4 and 8 of [DdSMS99] .
(ii) A finitely generated pro-p group G is called uniformly powerful (or simply uniform) if it is powerful and torsion-free. (iii) A profinite group G is called p-adic analytic if is a p-adic analytic manifold and the map (x, y) → x −1 y is analytic, or, equivalently, if it contains an open uniform subgroup.
For a pro-p group G let d(G) denote the minimal number of (topological) generators of G, i.e., d(G) = dim(G/Φ(G)), and let the rank of G be the supremum of all d(H) with H running through all closed subgroups of G (cf. [DdSMS99, § 3.2]). Then a finitely generated pro-p group is analytic if, and only if, it has finite rank -in particular, a closed subgroup of a finitely generated p-adic analytic pro-p group is again finitely generated and p-adic analytic -; moreover, every finitely generated powerful pro-p group has finite rank.
The 
Remark 5.3. Let G be a uniform pro-p group. Then by M. Lazard's work [Laz65] the Z/p-cohomology ring is a quadratic algebra, in particular, one has an isomorphism of algebras 
so that U is uniform, with d(U ) = 3.
Recall that a θ-abelian cyclotomic pro-p pair G = (G, θ) is 1-smooth, and in particular Kummerian. The following result shows that being θ-abelian is a necessary condition for a cyclotomic pro-p pair G with uniform group G to be Kummerian. Proof. We need to show only that if G is Kummerian, then it is θ-abelian.
Since both G and G/K(G) are uniform (the latter by Proposition 3.2 and Example 5.4), Remark 5.3 implies that
On the other hand, the epimorphism
is an isomorphism, and by the 5-term exact sequence in cohomology
[NSW08, Prop. 1.6.7]) one has H 1 (K(G), Z/p) = 0, i.e., K(G) is trivial, and G is θ-abelian by Proposition 3.3.
From the above result one deduces that in the class of uniform pro-p groups kummerianity implies 1-smoothness. On the other hand, in order to obtain θ-abelian pro-p groups from p-adic analytic pro-p groups, the assumption of Kummerianity is not enough, as shown by the following example.
Example
,as one has a minimal presentation
In particular, U is uniform but (U, θ U ) is not θ-abelian. Therefore, G can not complete in a 1-smooth pro-p pair.
Proposition 5.7. Let G = (G, θ) be a 1-smooth torsion-free cyclotomic pro-p pair with G p-adic analytic of dimension dim(G) ≤ 3. If G is 1-smooth, then it is θ-abelian.
Proof. Since G is torsion-free, G is torsion-free by Proposition 2.5, and moreover G ab is torsion-free by Example 2.6. Thus, dim(G ab ) ≥ 1, and by Proposition 5.2 one has dim(
is again 1-smooth, with θ| G ′ trivial, so Proposition 5.5 implies that G ′ is abelian. Therefore, G is soluble. If dim(G) = 1, then G ≃ Z p , and if dim(G) = 2 then G is uniform by [GSK09, Prop. 7.1], and thus G is θ-abelian by Proposition 5.5.
If dim(G) = 3 then we may apply [GSK09, Thm. 7.4]: if G is isomorphic to one among the groups The next result generalizes Proposition 5.7 to the case dim(G) ≥ 3.
Theorem 5.8. Let G = (G, θ) be a torsion-free cyclotomic pro-p pair, with G p-adic analytic. If G is 1-smooth, then it is θ-abelian.
Proof. Since G is torsion-free, G is torsion-free by Proposition 2.5. Set d = d(G) and n = dim(G). We proceed by induction on n.
Assume first that θ : G → Z × p is trivial. By Proposition 5.7 we may assume that n ≥ 3. One has a short exact sequence of cyclotomic pro-p pairs
LetN ⊆ G ab be a normal subgroup such that G ab /N ≃ Z p , and let N be a normal subgroup of G containing G ′ such that N/G ′ ≃N . Hence G/N ≃ Z p , and Proposition 5.2 yields
is abelian by induction on dim(N ). Therefore, for every x ∈ G there exists N as above such that x ∈ N , and one has [x, G ′ ] = {1}, i.e., G ′ is contained in the center of G.
Pick x, y ∈ G such that the closed subgroup H of G generated by x and y is not pro-p-cyclic -i.e., Assume now that θ : G → Z × p is not trivial. Again by Proposition 5.7, we may assume that n ≥ 3. One has a short exact sequence of cyclotomic pro-p pairs
d(H). Then H is analytic, and Res
is 1-smooth, so that by the statement of the theorem for θ trivial and Proposition 5.2 one has K(G) ≃ Z n−d p . We may assume that d ≥ 2, otherwise G ≃ Z p . Let C 0 ⊆ G be a complement to Ker(θ) -i.e., G = Ker(θ) · G 0 and Res C 0 (G) ≃ G/ Ker(θ) -, and let x ∈ C 0 be a generator. Moreover, set C = K(G) · C 0 ⊆ G. Then C is analytic, and Proposition 5.2 implies dim(C) = dim(K(G)) + 1 = n − d + 1 < n, so that by induction on dim(C) one has
Recall that K(G) is generated by elements y 1−θ(x) −1 [y, x], with y ∈ Ker(θ). Thus, one has
On the other hand, commutator calculus implies that
(In both (5.4) and (5.5) we use the fact that y, [y, x] ∈ Ker(θ) and they commute, as Ker(θ) is abelian by the statement of the theorem for θ trivial.) Therefore, (5.4) and (5.5) imply
Let H ⊆ G be the closed subgroup generated by x and an arbitrary y ∈ Ker(θ). Then H is analytic and Ker(θ| H ) is abelian by the statement of the theorem for θ trivial. Moreover, (5.6) implies that Ker(θ| H ) is generated by y and [y, x], so that dim(Ker(θ| H )) ≤ 2. Hence, Proposition 5.2 yields dim(H) = dim(Ker(θ| H )) + 1 ≤ 3, so that Res H (G) is θ| H -abelian by Proposition 5.7, and y ∈ Z(Res H (G)).
The arbitrariness of y ∈ Ker(θ) implies that Ker(θ) ⊆ Z(G), and G is θ-abelian.
In [Qua14, Cor. 4 .8] it is stated that if a torsion-free cyclotomic pro-p pair G = (G, θ), with G p-adic analytic, is Bloch-Kato, then it is θ-abelian. Thus, Theorem 5.8 implies the following.
Corollary 5.9. In the class of torsion free cyclotomic pro-p pairs whose underlying group is analytic, the conditions of being 1-smooth and being Bloch-Kato are equivalent.
Corollary 5.9 implies that the Smoothness pro-p Conjecture holds true in this class of pro-p groups. As mentioned in the Introduction, this result is particularly relevant because p-adic analytic Bloch-Kato pro-p groups are the "upper bound" of the class of Bloch-Kato pro-p groups -the "lower bound" consisting of free pro-p groups, which are 1-smooth by Example 2.6 (a). Namely, if a finitely generated (non-trivial) pro-p group G with minimal number of generators d(G) is Bloch-Kato, then by [Qua14, Prop. 4 .1] for the cohomological dimension cd(G) and the number of defining relations r(G) -the latter being equal to dim H 2 (G, Z/p) (cf. [NSW08, Cor. 3.9.5]) -one has the bounds
and the three conditions:
, whereas the lower bounds occur if, and only if, G is free.
Moreover, the class of p-adic analytic pro-p groups is a wide class of pro-p groups -e.g., for every d ≥ 2 there are uncountably many classes of isomorphisms of analytic pro-p groups G with d(G) = d -, so Corollary 5.9 provides a significant evidence for the Smoothness Conjecture. Proposition 6.1. Let (I, ) be a directed set, let G = (G, θ) be torsion-free cyclotomic pro-p pair, and let (N i ) i∈I be a family of closed normal subgroups of G satisfying N j ⊆ N i ⊆ Ker(θ) for any i j, and such that
Then also G is Kummerian.
The result above has the following consequence.
Corollary 6.2. Let G = (G, θ) be a θ-abelian pro-p pair. Then G is Kummerian, and thus also 1-smooth.
Proof. If G is finitely generated, then the statement follows by Proposition 3.2.
If not, then one may find a family (N i ) i∈I of closed normal subgroups of G, N i ⊆ Z(G) = Ker(θ) for every i ∈ I, such that Z(G)/N i is finitely generated and torsion-free, and i N i = {1}. Hence G/N i is finitely generated and θ-abelian, and by Proposition 6.1 G is Kummerian -and also Res U (G) for every open subgroup U ⊆ G, by [QW18, Rem. 6.3].
By Proposition 6.1, in order to check Kummerianity of a cyclotomic pro-p pair G, it is enough to check it for all the quotients of G induced by a family of closed normal subgroups satisfying the conditions as in Proposition 6.1 -just like in Corollary 6.2. We ask whether also some kind of converse statement is true, namely, if the Kummerianity of a cyclotomic pro-p pair G implies the Kummerianity of some quotients of G.
Let G = (G, θ) be a cyclotomic pro-p pair. We focus now on closed normal subgroups N of G such that N ⊆ Ker(θ), G/N is finitely generated, and the epimorphism G → G/N yields an epimorphism in cohomology
Recall that one has an isomorphism
. In other words, by duality one may find a minimal system of (topological) generators of G such that N is generated as closed normal subgroup by a cofinal subset of it. A continuous map c :
In particular, the restriction of c on Ker(θ) is a homomorphism of pro-p groups. 
and this completes the proof. Proof. For every g 1 , g 2 ∈ G one has c(g 1 g 2 ) =c(g 1 g 2 N ),
If c is a 1-cocycle then the equality of the two left-sides implies equality of the two right-sides, and conversely ifc is a 1-cocycle.
The following is a variant of [Lab67, Prop. 6 ] to the case G is not (necessarily) finitely generated. Proof. The epimorphisms π = G → G/N and Z p (1)/p n → Z/p, n ≥ 1, induce the commutative diagram
where the right-side vertical arrows f n and f are the inflation maps inf 1 G,N -and therefore f n and f are injective by [NSW08, Prop. 1.6.7] -, and the bottom horizontal arrow is surjective by Kummerianity of G. Forβ a non-trivial element of H 1 (G/N, Z/p), our goal is to find α ∈ H 1 (G/N, Z/p n (1)) such that τ N n (α) =β.
Set β =β •π = f (β). Then β : G → Z/p is a non-trivial continuous homomorphisms such that Ker(β) ⊇ N . Let X be a minimal system of generators of G such that X ∩N generates N as closed normal subgroup. (Note that X (X ∩N ) is finite.) By Lemma 6.5, there exists a continuous 1-cocycle c :
and moreover c(x) = 0 for every x ∈ X ∩ N . Therefore, by Lemma 6.3, the restriction 
and by injectivity of f n and f , one obtains τ N n ([c]) =β. From Theorem 6.6 one may obtain new examples of pro-p groups which can not complete into a Kummerian torsion-free pro-p pair, and thus not occurring as maximal pro-p Galois groups of fields containing a root of unity of order p.
Example 6.7. Let G be a pro-p group on the basis X = {x i , i ∈ N}, let C ⊆ G be the closed subgroup generated by {x i , i ≥ 2}, and suppose that there is a relation of the following types:
(a) x λ 1 · t = 1, where λ ∈ pZ p and t ∈ C; Example 6.8. Let G be a pro-p group on the basis X = {x i , i ∈ N}, and suppose that there are relations
2 [x 2 , x 3 ] · t 2 = 1, with λ 1 , λ 2 ∈ pZ p , λ 1 = λ 2 , and t 1 , t 2 lying in the closed normal subgroup of G generated by {x i , i ≥ 4}. Let X be such that x i ∈ Ker(θ) for every i ≥ n, for some n ≥ 5, and let N denote the closed normal subgroup of G generated by {x i , i ≥ 4}. Then G/N can not be completed into a Kummerian torsion-free pro-p pair by [EQ19, Ex. 8.3], and thus by Theorem 6.6 the pair G can not be completed into a Kummerian torsion-free pro-p pair as well. In particular, G does not occur as maximal pro-p Galois group of a field containing a root of unity of order p.
Recall that a subgroup H of a group G is said to be isolated if g ∈ H whenever g n ∈ H for some g ∈ G, n ≥ 1. 
so that if N satisfies condition (6.1) with respect to G, then N K(G)/K(G) does with respect to G/K(G), and thus it is isolated in Ker(θ)/K(G) by (i). This proves (iii). By (i)N satisfies (6.1) with respect to G/K(G). Let W ⊆ H 1 (G, Z/p) denote the preimage of H 1 (N , Z/p) via the isomorphism (6.3), and let N denote the closed normal subgroup of G generated by the dual of W . Then N ⊆ Ker(θ), H 1 (N, Z/p) G = W -so that N satisfies (6.1) -, and N K(G)/K(G) =N . This proves (iii).
As promised in Remark 3.4, Theorem 3.3 holds also for cyclotomic pro-p pairs which are not finitely generated. (
Proof. Conditions (ii) and (iii) are equivalent by Proposition 3.1 and by definition of θ-abelian pro-p pair. Assume that Ker(θ)/K(G) is not torsion-free. LetN ⊆ Ker(θ)/K(G) be an isolated closed subgroup such that (Ker(θ)/K(G))/N is finitely generated with non-trivial torsion, and let N ⊆ Ker(θ) be a closed normal subgroup of G such that G/N is finitely generated, N K(G)/K(G) =N , and N satisfies (6.1), as in Lemma 6.9. Then Ker(θ)/N K(G) ≃ (Ker(θ)/K(G))/N has non-trivial torsion, and one has an isomorphism of finitely generated torsion-free cyclotomic pro-p pairs
where the right-side is not θ-abelian. Therefore, G/N is not Kummerian by Proposition 3.3, and G is not Kummerian by Theorem 6.6. This shows that (i) implies (ii). Conversely, assume that Ker(θ)/K(G) is torision-free. For every closed normal subgroup N of G such that N ⊆ Ker(θ), G/N is finitely generated and N satisfies (6.1), the quotient N K(G)/K(G) is an isolated subgroup of Ker(θ)/K(G) by Lemma 6.9. Thus, Ker(θ)/N K(G) is an abelian finitely generated torsion-free group, and again (6.4) is an isomorphism of finitely generated θ-abelian pro-p pairs, so that G/N is Kummerian by Proposition 3.3. Since the intersection of all such normal subgroups N is trivial, Proposition 6.1 yields (i).
From Theorem 6.10 one deduces the following generalization of [EQ19, Thm. 5.6]. Proof. Since N ⊆ K(G), one has an isomorphism of cyclotomic pro-p pairs
thus the left-hand side is torsion-free if, and only if, the right-hand side is torsionfree.
Corollary 6.11 implies that a pro-p group G, with minimal presentation G = F/R (with F a free pro-p group), is Kummerian if, and only if, R ⊆ K(F), where F = (F,θ) for some orientationθ : F → Z × p , as F is always Kummerian by Example 2.6. One may deduce that a variation of [EQ19, Thm. 7.7] holds for cyclotomic pro-p pairs which are not finitely generated, too. Proof. Assume that (6.5) holds. By Theorem 6.10, to show that G is Kummerian is enouth to show that Ker(θ)/K(G) is torsion-free -in fact, we follow verbatim the first half of the proof of [EQ19, Thm. 7.7]. Take g ∈ Ker(θ) such that g p n ∈ K(G) for some n ≥ 0. Then for any continuous 1-cocycle c : G → Z p (1), necessarily c(g p n ) = 0, thus from [EQ19, Lemma 6.1] one deduces 0 = c(g p n ) = p n · c(g),
i.e., c(g) = 0 and g ∈ K(G) by hypothesis. Conversely, assume G is Kummerian. Since G/K(G) is Kummerian, Lemma 6.5 implies that c c −1 ({0}) ⊇ K(G). For any g ∈ G K(G) there exists a closed normal subgroup N of G, N ⊆ Ker(θ) satisfying (6.1) and such that G/N is finitely generated and g / ∈ N . Hence, G/N is Kummerian by Theorem 6.6, and by [EQ19, Thm. 7 .7] there exists a continuous 1-cocyclec : G/N → Z p (1) such thatc(gN ) = 0. Therefore,c induces a continuous 1-cocycle c : G → Z p (1) such that c| N is trivial and c(g) = 0
Remark 6.14. Given a field K containing a root of unity of order p (and also √ −1 if p = 2), set (G, θ) = G K , and H = G K(µ p ∞ ) (p) = Ker(θ). Moreover, let L = K(µ p ∞ ) p,ab be the maximal pro-p abelian extension of K(µ p ∞ ), i.e., L is the subextension of K(p)/K fixed by the closed commutator subgroup H ′ . Then the pro-p pair G L/K = G K /H ′ is Kummerian by Theorem 4.1 -but not necessarily 1-smooth -, and G splits as semi-direct product G ≃ H ab ⋊ G/H -not in the cyclotomic sense (see also [EQ19, Ex. 4 
.4]).
For K a number field, H ab is a free abelian group (cf. [NSW08, Cor. 8.1.18]), it is an Iwasawa module, and the study of its structure is very important in algebraic number theory (see, e.g., [BSJN15] ). From Theorem 6.6, one deduces that for every G/H-submodule V of H ab such that H ab /V is a finitely generated free abelian pro-p group, also the pair G L/K /V is Kummerian.
